Abstract. In this article, we construct a natural group homomorphism
Introduction
For a map f : X → S of schemes, we define the relative Brauer group Br(f ) as the Grothendieck group of a certain relative category Az(f * ) i.e. Br(f ) := K 0 (Az(f * ))(see section 2). This Br(f ) fits into a natural exact sequence Pic (S) → Pic (X) → Br(f) → Br(S) → Br(X).
Classically, the relative Brauer group is just the kernel of the natural map Br(S) → Br(X) and denoted it by Br(X/S). Note that the relative Brauer group Br(f ) is different from the classical one Br(X/S). But in the case of field extension i.e. if f : L ֒→ K then Br(f ) is isomorphic to Br(K|L). The details related to Br(K|L) can be found in [7] , [8] , [9] . In general, we have a natural map Br(f ) → Br(X/S) and this map is an isomorphism if and only if Pic (S) → Pic (X) is surjective. Now, assume that f : X → S is a faithful affine map (i.e. affine and O S ֒→ f * O X ) of schemes. We define Br ′ (f ) := H and Br ′ (f ) are different in general (see Example 3.3) . This is why we prefer to call the latter group as a relative cohomological Brauer group. One of the goals of this article is to relate Br(f ) and Br ′ (f ). We prove the following (see Theorem 4.10) Theorem 1.1. Let f : X → S be a faithful affine morphism of noetherian schemes. Then there is a natural group homomorphism ψ : Br(f ) → Br ′ (f ) := H Next, we discuss the behavior of Brauer groups for a subintegral map. We show that if f : A ֒→ B is a subintegral map of noetherian Q-algebras then the induced map Br(A) → Br(B) is an isomorphism and Br(f ) = 0 (see Theorem 5.1).
We further study the Kummer's exact sequence in the relative setting. Write where Pic (f) is the relative Picard group of f (see [14, 18] ). We also show that if f : A ֒→ B is a finite subintegral map of noetherian Q-algebras then H Acknowledgements: The author is grateful to Charles Weibel for his helpful comments during the preparation of this article.
Relative Brauer groups
In this section, we define the notion of relative Brauer groups. For more details, we refer to [1, 6] .
Recall that two Azumaya algebras A and A ′ over a scheme X are said to be similar if there exist locally free O X -modules E and E ′ , of finite rank over O X , such that
The set of similar classes of Azumaya algebras on X forms an abelian group under ⊗ O X , which is known as the Brauer group Br(X) of X. The cohomological Brauer group of X is H 2 et (X, O × X ) and denoted it by Br ′ (X). The Picard group of X is denoted by Pic (X).
Given two Azumaya algebras A and B over X, let ∆(A, B) (resp.∆(A, B)) be the set consisting of all triples (P, u, Q) with P , Q are (resp. self dual) locally free O X -modules of finite rank and
is an isomorphism of algebras. We define an equivalence relation ∼ on ∆(A, B) by (P, u, Q) ∼ (P ′ , u ′ , Q ′ ) if and only if there exist locally free O X -modules E and E ′ of finite rank over X and
By considering E and E ′ are to be self dual locally free O X -modules, one can check that ∼ is an equivalence relation on∆(A, B) as well.
The category Az(X). Az(X) is the category whose objects are the Azumaya algebras over X and the morphism between two objects A and B is defined by
The natural map
is an isomorphism (see Theorem 5.9 of [6] ).
The category ΩAz(X). ΩAz(X) is the category consisting of all couples (A, φ) with A ∈ Az(X) and φ is an automorphism in Az(X).
There is a natural isomorphism of abelian groups K 0 (ΩAz(X)) → Pic (X) (see Theorem 5.13 of [6] ).
For a map f : X → S of schemes, we have the base change functor f * : Az(S) → Az(X).
The category Az(f * ). Az(f * ) is the category consisting of all triples (A, α, B) where A, B ∈ Az(S) and α : f * (A) → f * (B) is an isomorphism in Az(X). Here α = [P, u, Q] with P , Q are locally free O X -modules of finite rank and u : [3] , we define the relative Brauer group Br(f ) of f to be the Grothendieck group K 0 (Az(f * )) i.e., the abelian group generated by [A 1 , α, A 2 ] ∈ Az(f * ) with the following relations: By Theorem 5.18 of [6] (more precisely, Example 5.19(2) of [6] ), there is a natural exact sequence of abelian groups for each f : X → S,
Here the map ∂ is defined as follows: By Theorem 5.13 of [6] , we can identify Pic (X) with K 0 (ΩAz(X)). So, for each [I] ∈ Pic (X), we have a presentation [f * M n (O S ), α], where α is an automorphism and depends on [I] . Then
Remark 2.2. Suppose that S = Spec(Z) i.e., f : X → Spec(Z). By Proposition 4.2 of [19] , Br(Z) = 0. Then the sequence (2.1) implies that Br(f ) ∼ = Pic (X).
The categoriesÃz(X) andÃz(f * ).Ãz(X) is the category whose objects are the Azumaya algebras over X and the morphism between two objects A and B is defined by
is the category consisting of all triples (A, α, B) where A, B ∈Ãz(S) and
is a pair (u, v), where u :
There is a natural group homomorphism
Relative Cohomological Brauer Groups
Let f : L ֒→ K be a field extension. Then the relative Brauer group in the classical sense is just the kernel of the natural map Br(L) → Br(K) and it was denoted by Br(K|L), for details see [7] , [8] , [9] .
Then (by using the exact sequence (2.1))
Motivated by the above lemma, we define
for a faithful affine map f : X → S of schemes. We call it relative cohomological Brauer group of f .
Example 3.2. Suppose that f : X → S is faithful finite and S = Spec(A), where A is a hensel local ring. Then X = Spec(B) and B is a finite product of hensel local rings. In this situation, Br(
by Corollary 2.12 of [11] . Therefore, by a similar argument as Lemma 3.1, Br(f ) ∼ = Br ′ (f ).
Example 3.3. In general, Br(f ) and Br ′ (f ) are not isomorphic for any faithful affine
, where A is a strictly hensel local ring. Then Br ′ (f ) = 0 because the higher cohomology vanishes for a strictly henselian ring. We also have Br(S) = 0. Therefore, Br(f ) ∼ = Pic (B) by (2.1). In particular, one can consider
Example 3.4. Suppose that f : X → S is faithful finite and S = Spec(A), where A is a local ring. Then X = Spec(B) and B is a semilocal ring because B is finite over a local ring. By (2.1),
is exact and Br(f ) ֒→ Br ′ (f ). We know that if a scheme X has only finitely many connected components then Br(X) is torsion (see Proposition 2.7 of [11] ). Therefore, Br(f ) is torsion. By Theorem 1.
A ) tor and same holds for B. In fact, we get Br(f )
, we get that Br(f ) contains the torsion free subgroup Q × .
Main Theorem
The main goal of this section is to construct a natural group homomorphism Br(
. Throughout this section, f : X → S assumed to be a faithful affine map of schemes (i.e, f is affine and the structure map O S → f * O X is injective) andf always denotes the map X × S U → U.
The category F A . Recall from the Page 145 of [11] that for an Azumaya algebra A on X one can associate a category F A over X et as follows: for anétale map j : U → X, an object of F A (U) is a pair (E, τ ), where E is a locally free O U -module of finite rank and
, we can associate a category G A over S et as follows: for anétale map j :
) is a pair of isomorphisms
be the set of all isomorphism classes of objects of G A (U). We write
is a presheaf of sets on S et , where the restriction maps are given by pullbacks. It is denoted by [G A ].
Presheaf torsor. Let C be a site. Let G be a presheaf of groups on C. A G-torsor is a presheaf of sets F on C equipped with an action ρ : G × F → F such that
nonempty. (2) for every U ∈ ob(C) there exists a covering {U i → U} i∈I of U such that F (U i ) is nonempty for all i.
A morphism of G-torsors F → F ′ is just a morphism of presheaf of sets compatible with the G-action. A trivial G-torsor is the presheaf G with obvious left G-action. Note that a morphism between G-torsors is always an isomorphism. Moreover, a G-torsor F is trivial if and only if Γ(C, F ) = ∅ (see [15] ).
Relative Picard group. The relative Pic (f) is the abelian group generated by
where the L i are line bundles on S and α :
This relative Picard group Pic (f) fits into the following exact sequence
Some relevant details and basic properties can be found in [3] , [17] , [18] .
, where the L i are line bundles on S and α :
Let Pic f be theétale presheaf U → Pic (f). Similarly, we can define the presheafPic f .
Lemma 4.1. Let V 1 , V 2 and V 3 be three locally free O X -modules of finite rank. Suppose that χ :
Proof. The assertion is clear by using the fact that F ⊗ End(F ) F ∨ ∼ = O X for any locally free O X -module F of finite rank.
Lemma 4.2. Given any two objects ((E
Proof. For simplicity, we write E(E k ) instead of End(E k ). By definition, for k = 1, 2, we have
Now the Lemma 4.1 implies that there is an
Given anétale map U → S, we define a group action ρ(U) :Pic
Here L 1 , L 2 are line bundles on U and
Proof. We need to show that the following are true:
(1) the action ρ is simply transitive, (2) there exist aétale covering
This proves (1). Since S is connected, A 1 and A 2 have constant rank say n 2 and k 2 . Let j : U → S be anétale map. Then j * A 1 and j * A 2 are Azumaya algebras on U of rank n 2 and k 2 . By Proposition IV.2.1(d) of [11] , there exist anétale covering {a i : U i → U} such that
This implies that [(O
Here ν is the obivious isomorphism.
Hence [G A ](U i ) = ∅. This proves (2).
Presheaf contracted product: Let G be a presheaf of groups. Let F 1 and F 2 be two presheaves of sets on a site C. Suppose that F 1 (resp. F 2 ) has a right (resp. left) G action. We can consider the left action of G on the product given for every object X by:
gy).
Then the presheaf contracted product of F 1 and F 2 to be the presheaf defined as the quotient by the action of G:
i.e. the quotient by the equivalence relation define by (xg, y) ∼ (x, gy) for all g ∈ G(X). It is denoted by F 1 Λ G F 2 . We write [x, y] for the element of F 1 Λ G F 2 (X), where X ∈ ob(C), x ∈ F 1 (X) and y ∈ F 2 (X). For every X ∈ ob(C), the left action of G on the contracted product is given by:
Assume that G is a presheaf of abelian groups. Then there is no distinction between left and right G-torsors. Let T ors(S, G) denotes the set of isomorphism classes of Gtorsors. It is well known that the set T ors(S, G) has an abelian group structure under the operation presheaf contracted product with identity G and the inverse of F is F itself with the G action (g, x) → g −1 .x. . Since ψ is a morphism, the following holds:
Note that
both are morphisms inÃz(f * ), where
Moreover α ′ ∼ β ′ (see the section 2 for the equivalence relation ∼). Now φ 1 induces ã
by sending (here we are using the fact that P
f (U) acts on both simply transitively. Thus, they are isomorphic. Similarly for φ 2 . Hence the result.
Lemma 4.5.
as a presheaf of sets.
Proof.
(1) For anétale map U → S, we have aPic
By Lemma 4.1, we get an isomorphism Υ :f
Hence the result.
By Lemma 4.4, we obtain an well-define map {The set of isomorphism classes of objects inÃz(f
In fact, this induces an well-define group homomorphism
by Lemma 4.5. Moreover, φ is a natural map (see below).
Lemma 4.6. The map φ is natural.
Proof. Given a commutative diagram
want to show that the following diagram
, where the direct limit is over the commutative diagrams
with iétale. Now, we obtain a natural group homomorphism
Here ε is the unique map
This induces a map of torsors h
by the universal property of direct limits. Hence, we get the desired isomorphism.
So far, we get
where T ors(S, Ψ) is the natural induced map sending anyPic
Lemma 4.7. There is a canonical group homomorphism ζ : T ors(S, G) →Ȟ
, where G is a presheaf of abelian groups.
Proof. For the map ζ, we refer to section 11 of [12] or Proposition 4.6 of [11] . The only diiference is that we are defining the map here for presheaf torsors. However, we observe that the sheaf properties have not been used in [12] to define such a map. Hence, one can define such map in a similar way for presheaf torsors as well.
Let
This shows that ζ is a group homomorphism. 
Proof. For eachétale U → S, there is a natural map ( Using (4.3))
HereX stands for X × S U. Then by the universal property of sheafification, we get a unique map ( 
Proof. Since S is noetherian, we can write
Moreover, the cohomology H i commute with the finite disjoint union. So, we may assume that S is connected. Now, we note that the following two well-known facts:
(1) Given a presheaf F of abelian groups on S et and the sheafification F + , there is always a natural mapȞ
(2) For all abelian sheaf F , the natural map
is an isomorphism.
Using the above two facts and Lemma 4.9, we get the map ψ as the composition of the following maps
Remark 4.11. The map ψ is not injective in general (see Example 3.3).
Brauer group of subintegral extension
We say that an extension A ֒→ B is subintegral if B is integral over A and Spec(B) → Spec(A) is a bijection inducing isomorphisms on all residue fields. For details, we refer to [20] . 3 ∈ A) (see [20] ). In other words, f = ∪ λ f λ where f λ : A ֒→ B λ is a finite map. For each λ, we have the following two exact sequences
As Br commutes with filtered limit of rings, Br(B) = lim − → Br(B λ ). So, we get ker(f
) for all i > 1 because f λ is a finite subintegral extension of Q-algebras. In particular, we get Br ′ (A) ∼ = Br ′ (B λ ). Then the torsion subgroups Br ′ (A) tor and Br ′ (B) tor also isomorphic. Therefore, the assertion follows from the following commutative diagram Br(A)
where the vertical maps are isomorphisms by a Theorem of Gabber (see [5] ).
(2)Since f is subintegral, the map Pic (A) → Pic (B) is surjective by Proposition 7 of [10] . Hence the result by (1) and the sequence (2.1).
Given an extension f : A ֒→ B, write 
